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ABSTRACT: This paper examines the formulation and development of Obrechkoff-type three-step optimized block schemes for 

solving second-order initial value problems (IVPs) of ordinary differential equations. In the derivation of the method, the assumed 

power series is interpolated at 𝑥𝑛 and 𝑥𝑛+1 while the second derivative is collocated at all grid and off-grid points in the interval of 

consideration. The method's relevant properties were examined and found to be zero stable, consistent and convergent. The 

application of the method to some second-order initial value problems shows the derived method performed better in terms of 

accuracy and effectiveness; outperforming some existing methods when compared. 
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I. INTRODUCTION  

 This paper considers an effective solution to the initial value 

problems of the second-order differential equation of the form 

Υ′′(𝑥) = 𝜚(𝑥, Υ, Υ′),                              (1) 

subject to the initial conditions 

 Υ(𝑥0) = 𝑦0, Υ
′(𝑥0) = Υ0

′ , where 𝑥 ∈ [𝑎, 𝑏] and 𝑓 is 

continuous in [a, b] . 

The general Obrechkoff's formula, which is given in the form  

Υ𝑛+𝑘 = ∑ 𝜇𝑗
𝑘−1
𝑗=0 Υ𝑛+𝑗 + ∑ ℎ𝑖 ∑ 𝜑𝑗

𝑘
𝑗=0

𝑖=2 𝜚𝑛+𝑗
(𝑖) + 𝜑𝑣𝜚𝑛+𝑣

(𝑖)
   (2) 

 

is employed. Equation (2) has the advantage of reaching 

higher-order with few functions to be evaluated per step [19]. 

 Problems such as in (1) above frequently arise in fields of 

physical sciences and engineering, e.g. structural mechanics, 

fluid dynamics, control theory, waves and vibration analysis 

[16]. Finding suitable solutions to second-order IVPs is 

usually challenging necessitating the need for numerical 

methods to provide suitable approximate solutions to such 

[16], [9]. In the past, use of reduction method to solve second-

order ordinary differential equations was popular among 

researchers [16], [18]. This approach involves reducing the 

differentials to its corresponding system of first order ODEs, 

then applying appropriate numerical approach to solve the 

system of first-order equation obtained. This approach has 

resulted in significant computational challenges and 

inefficient utilization of computer resources, hence, affecting 

the accuracy of the method in terms of error. The method has 

been extensively analyzed in [16] and [18].   

 

Other schemes developed by scholars to handle the solution 

of second-order IVPs include the predictor-corrector method 

[3] and Taylors series [9] which have similar disadvantages 

as the reduction method. Some researchers applied direct 

methods to solve (1) which include Kamarun et al [11], 

Raymond et al [7], Jator & Li et al [14], Areo et al [17], 

Adeyeye & Omar [7], Akinnukawe & Okunuga [1], James et 

al [4], Ajinnuhi et al [5], Hussain et al [6], and lots more; but 

the accuracy of their methods can be in terms of error 

improved upon. 

The intent of this study is to formulate and implement a new 

scheme for the effective solution of (1) using optimized 

hybrid points 𝑞1 and 𝑞2 such that 0 < 𝑞1 < 𝑞2 < 1 < 2 < 3 

with the aim to produce an approximation with reduced error 

compared with some existing methods in literature. 

 

II. DERIVATION OF THE ONE-STEP OPTIMIZED 

HYBRID METHODS 

Let the approximate solution to (1) be a power series of the 

form   

   Υ(𝑡) = 𝑔(𝑥) ≊ ∑ 𝜌𝑗𝑥
𝑗𝑠

𝑗=0                               (3) 

 

where 𝜌 ∈ 𝑅  are real unknown coefficients that will be 

determined.   

The second derivative of Equation (3) gives 

 

Υ′′(𝑥) = 𝑔′′(𝑥) = ∑ 𝜌𝑗𝑗(𝑗 − 1)𝑥𝑗−2𝑠−1
𝑗=2 = 𝜚(𝑥, Υ, Υ′)     (4) 

 

Interpolating equation (3) at 𝑥𝑛and 𝑥𝑛+1 and collocating 

equation (4) at all points 𝑥𝑛+𝑚 = 𝑥𝑛 + 𝑚ℎ, 𝑚 =
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{0, 𝑞1, 𝑞2, 1,2,3}, where 𝑞1 and 𝑞2 are the two hybrid points. 

In this way we obtain the system of nonlinear equations of the 

form 

 

𝑉 =  𝑀𝐷                                        (5) 

 

 

 

Where                           𝑀 =

[
 
 
 
 
 
𝜌0

𝜌1
𝜌2

𝜌3

⋮
𝜌7]

 
 
 
 
 

 ,                              𝑉 =

[
 
 
 
 
 
 
 

Υ𝑛

Υ𝑛
′

𝜚𝑛

𝜚𝑛+𝑞1

𝜚𝑛+𝑞2

𝜚𝑛+1

𝜚𝑛+2

𝜚𝑛+𝑁 ]
 
 
 
 
 
 
 

 

 

 

𝐷 =

[
 
 
 
 
 
 
 
 1
1
0
0
0
0
0
0

𝑥𝑛

𝑥𝑛 + ℎ
0
0
0
0
0
0

𝑥𝑛
2

(𝑥𝑛 + ℎ)2

2
2
2
2
2
2

𝑥𝑛
3

(𝑥𝑛 + ℎ)3

6 𝑥𝑛

6 ℎ 𝑞1 + 6 𝑥𝑛

6 ℎ 𝑞2 + 6 𝑥𝑛

6 𝑥𝑛 + 6 ℎ 
6 𝑥𝑛 + 12 ℎ 
6 𝑥𝑛 + 18 ℎ 

𝑥𝑛
4

(𝑥𝑛 + ℎ)4

12 𝑥𝑛
2

12 (ℎ 𝑞1 + 𝑥𝑛)2

12 (ℎ 𝑞2 + 𝑥𝑛)2

12 (𝑥𝑛 + ℎ)2

12 (𝑥𝑛 + 2ℎ)2

12 (𝑥𝑛 + 3ℎ)2

𝑥𝑛
5

(𝑥𝑛 + ℎ)5

20 𝑥𝑛
3

20 (ℎ 𝑞1 + 𝑥𝑛)3

20 (ℎ 𝑞2 + 𝑥𝑛)3

20 (𝑥𝑛 + ℎ)3

20 (𝑥𝑛 + 2ℎ)3

20 (𝑥𝑛 + 3ℎ)3

𝑥𝑛
6

(𝑥𝑛 + ℎ)6

30𝑥𝑛
4

30 (ℎ 𝑞1 + 𝑥𝑛)4

30 (ℎ 𝑞2 + 𝑥𝑛)4

30 (𝑥𝑛 + ℎ)4

30 (𝑥𝑛 + 2ℎ)4

30 (𝑥𝑛 + 3ℎ)4

𝑥𝑛
7

(𝑥𝑛 + ℎ)7

42𝑥𝑛
5

42 (ℎ 𝑞1 + 𝑥𝑛)5

42 (ℎ 𝑞2 + 𝑥𝑛)5

42 (𝑥𝑛 + ℎ)5

42 (𝑥𝑛 + 2ℎ)5

42 (𝑥𝑛 + 3ℎ)5 ]
 
 
 
 
 
 
 
 

 

 

Using Gaussian elimination method, to solve (4) gives the 

coefficient 's for i=0(1)7.  

The obtained values of these coefficients, are then substituted 

into (3) to give a continuous implicit hybrid method of the 

form; 

 

 

 

 

𝑔(𝑥𝑛 + 𝑚ℎ)       = 𝑔(𝑥)

= 𝜌0Υ𝑛 + ℎ𝜌1Υ𝑛
′

+ ℎ2[𝜌2𝜚𝑛 + 𝜌3𝜚𝑛+𝑞1

+ 𝜌4𝜚𝑛+𝑞2    + 𝜌5𝜚𝑛+1

+ 𝜌6𝜚𝑛+2 + 𝜌7𝜚𝑛+3] 

(6) 

 

By substituting 1 for m in (6), we obtain a set of multistep 

formulas to approximate the solutions of (1) at the points 

𝑥𝑛+1, which yields 

 

𝑥𝑛+1

= Υ𝑛 + ℎΥ𝑛  
′ 

+ ℎ2 [
1

2520

−147𝑞1 − 147𝑞2 + 679𝑞1𝑞2 + 53

𝑞1𝑞2

𝜚𝑛 

 

+
1

420

147𝑞2 − 53

𝑞1(𝑞1 − 3)(𝑞1 − 1)(𝑞1 − 2)(𝑞1 − 𝑞2)
𝜚𝑛+𝑞1

 

 

−
1

420

147𝑞1 − 53

𝑞2(𝑞2 − 3)(𝑞2 − 1)(𝑞2 − 2)(𝑞1 − 𝑞2)
𝜚𝑛+𝑞2       (7)                                                            

 

+
1

840

−119𝑞1 − 119𝑞2 + 266𝑞1𝑞2 + 66

(𝑞2 − 1)(𝑞1 − 1)
𝜚𝑛+1 

 

−
1

840

−35𝑞1 − 35𝑞2 + 91𝑞1𝑞2 + 17

(𝑞2 − 2)(𝑞1 − 2)
ℎ2𝜚𝑛+2 

 

+
1

2520

−21𝑞1 − 21𝑞2 + 56𝑞1𝑞2 + 10

(𝑞2 − 3)(𝑞1 − 3)
  ℎ2𝜚𝑛+3] 

 

By differentiating Equation (6), a multistep formula to 

approximate the solution of Equation (1) at the point 𝑥𝑛+1
′  is 

obtained as 

 

ℎ𝑥𝑛+1
′  = Υ𝑛

′ +
1

360

%−38𝑞1−38𝑞2+135𝑞1𝑞2+17

𝑞1𝑞2
ℎ𝜚𝑛 

 

            +
1

60

%38𝑞2−17

𝑞1(𝑞1−3)(𝑞1−1)(𝑞1−2)(𝑞1−𝑞2)
ℎ𝜚𝑛+𝑞1

 

 

            −
1

60

38𝑞1−17

𝑞2(𝑞2−3)(𝑞2−1)(𝑞2−2)(𝑞1−𝑞2)
ℎ𝜚𝑛+𝑞2

 

                             

+
1

120

−57𝑞1−57𝑞2+95𝑞1𝑞2+40

(𝑞2−1)(𝑞1−1)
ℎ𝜚𝑛+1                   (8) 

 

           −
1

120

−12𝑞1−12𝑞2+25𝑞1𝑞2+7

(𝑞2−2)(𝑞1−2)
ℎ𝜚𝑛+2 

            

            +
1

360

−7𝑞1−7𝑞2+15𝑞1𝑞2+4

(𝑞2−3)(𝑞1−3)
ℎ𝜚𝑛+3 
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To obtain the values of the optimized points, we expand (7) 

using Taylor series around the point 𝑥𝑛+1  to obtain the 

corresponding local truncation error as 

 

ℒ(Υ(𝑥𝑛+1), ℎ) 

=
−(−106𝑞1−106𝑞2+294𝑞1𝑞2+49)𝜇Υ(8)(𝑥𝑛)ℎ(8)

604 800
+ 0(ℎ9)     (9) 

 

Equation (9) was then optimized by equating it to zero, taking  

𝑞2 as a free parameter by assigning the value  𝑞2 =
2

3
 in (9) 

we obtain 𝑞1 =
13

54
. Substituting the values of  𝑞1 and 𝑞2  into 

equation (5), and solving using Gaussian elimination method, 

we obtain the block form of the equation in form of 

 

𝐴[0]Υ𝑚
[1]

= 𝐴[1]Υ𝑚
[0]

+ ∑ 𝐷[𝑖]

𝑘

𝑖=0

𝐺𝑚
[𝑖],

𝑖 = {0, 𝑞1, 𝑞2, 1,2, 𝑁}        (10) 

 

written explicitly as 

 

 
 

Equations (11) forms the Three-step Optimized Block 

Scheme (TOBS) derived for the approximation of second-

order initial value problems (IVPs) of (1). 

 

III. ANALYSIS OF BASIC PROPERTIES OF TOBS 

A. Order of the Block 

Let the linear difference operator ℒ associated with the new 

method be defined by 

 

ℒ[(Υ(𝑥), ℎ)] 

   = ∑ 𝜌𝑗Υ(𝑥 + 𝑗ℎ)𝑁
𝑗=0 − ℎ2 ∑ (𝜚𝑗Υ

′′(𝑥 + 𝑗ℎ))𝑁
𝑗=0           (12) 

 

Equation (12) can be written in Taylor's series expansion 

about the point 𝑥𝑛  to obtain the expression 

 

ℒ[(Υ(𝑥), ℎ)] = 

𝑐0Υ(𝑥) + 𝑐1̅ℎΥ′(𝑥) + 𝑐2̅ℎ
2Υ′′(𝑥) + ⋯+

𝑐𝑝̅+2ℎ
𝑝+2Υ(𝑝+2)(𝑥) + ….              (14) 

 

Similarly, the new optimized second order hybrid methods 

(TOBS) is of order 𝑝 if,   

 

ℒ[(Υ(𝑥), ℎ)]

= 𝒪(ℎ𝑝+2),  𝑐0̅ = 𝑐1̅

= 𝑐2̅ = ⋯ = 𝑐𝑝̅+1

= 0, 𝑐𝑝̅+2 ≠ 0 

  

Therefore, the principal local truncation error 𝑥𝑛 + 𝑁 is then 

defined to be  

𝑐𝑝̅+2ℎ
𝑝+2𝜐(𝑝+2)(𝑥𝑛) 

 

Hence, 𝑐𝑝+2 = 8 in which 𝑐0 = 𝑐1 = 𝑐2 = 𝑐3 = 𝑐4 = ⋯ =

𝑐7.  The new method has order        

𝑝 = (6,6,7,6,6,6,6,6,6,6,6,6)𝑇 with error constants  

𝑐𝑝+2   

= [−
9790 3377 07657

9790 3377 07657
,−

241

223 205 220
,

181

685 843 200
,  

23

102 060
, −

47

60480
,−

3449 3340 9379

4048 9098 3499 16160
, 

 

1231

1488 03480
,−

23

9797 760
,

341

612 360
, −

241

72576
]
𝑇

 

 

B. Zero-stability 

A linear multistep method is said to be zero-stable if the roots 

,  (grid and non-grid points) of the first 
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characteristics polynomial defined by 

 satisfies  and the root 

 having multiplicity not exceeding one (Lambert 

[20]). For our method, 

 
 

= 𝑧8(𝑧 − 1)2 = 0 

Finding its determinant and solving the characteristic 

equation gives 

𝜌(𝑧) = 𝑧8(𝑧 − 1)2

= 0,  𝑧

= 0,0,0,0,0,0,0,0,1,1 

Since, |𝑧𝑖| = |0,0,0,0,0,0,0,0,1,1| ≤ 1 , the method is zero-

stable. 

 

C. Consistency 

The method, (TOSB) is consistent since it has order 𝑝 =

6 ≥ 1 

 

D. Convergence 

According to Henrici [10], Eq. (6) converges if it is zero 

stable and consistent. Hence, the new method converges 

 

IV. NUMERICAL RESULTS 

In order to examine the validity of the new method (TOBS), 

the problems are solved. All computations are done using 

MAPLE 18. 

 

Notations used in the result Tables are as follow: 

 

KAMARUN = Error in Kamarun et al in prob 1  

 

ADEGBORO = Error in Akinukawe & Akingbulu in prob2 

 

ADENIRAN = Error in Adeniran & Edaogbogun in prob 3 

 

ETOBS = Error in Three-step Optimized Block  Scheme  

 

where     Error
(𝑖) = |Υexact

(𝑖) − Υapprox.
(𝑖) | 

 

Problem 1 [11] 

 

Υ′′ = Υ,  Υ(0)

= 1, Υ′(0) = −10; 

 

The exact solution given by  

 

Υ(𝑥) = exp(−10𝑥) 

 

 

Problem 2 [12]         

 

Υ′′ = 100Υ,  Υ(0)

= 1, Υ′(0) = −10; 

 

The exact solution is Υ(𝑥) = exp(−10𝑥) 

 

Problem 3 [13] 

 

Υ′′ + 1001Υ′ + 1000Υ

= 0,  Υ(0) = 1, Υ′(0)

= 1 

 

The exact solution is given by  Υ(𝑥) = exp(𝑥). 

 

 

 

Table I. Comparison of results and errors for Problem 1 [11] 

𝒙 𝚼𝒆𝒙𝒂𝒄𝒕 TOBS ETOBS KAMARUN et al [8] 

0.01 1.10517091807564762480 1.10517091807564738530 2.395e-16 2.41140e-13 

0.02 1.22140275816016983390 1.22140275815762476850 2.54507e-12 3.061329e-12 

0.03 1.34985880757600310400 1.34985880758499218520 8.98908e-12 1.063993e-11 

0.04 1.49182469764127031780 1.49182469768850932610 4.72390e-11 5.192646e-11 

0.05 

0.06 

0.07 

0.08 

1.64872127070012814680 

1.82211880039050897490 

2.01375270747047652160 

2.22554092849246760460 

1.64872127078265503680 

1.82211880052818871180 

2.01375270770062814100 

2.22554092881275800690 

8.25269e-11 

1.37680e-10 

2.30151e-10 

3.20290e-10 

8.894574e-11 

1.498492e-10 

2.493450e-10 

3.448744e-10 

0.09 2.45960311115694966380 2.45960311159628439640 4.39335e-10 4.748948e-10 

1.10 2.71828182845904523540 2.71828182907033670520 6.11292e-10 6.597363e-10 
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Table II. Comparison of results and errors for Problem 2 [12] 

𝒙 𝚼𝒆𝒙𝒂𝒄𝒕 TOBS ETOBS Adegboro & Akingbulu [12] 

0.1 0.90483741803595957316 0.90483741803595985544 2.8228e-16 1.064040e-09 

0.2 0.8187307530779818586 0.8187307530759803745 2.00148413e-12 2.022018e-09 

0.3 0.74081822068171786607 0.74081822068841048845 6.69262238e-12 2.118282e-09 

0.4 0.67032004603563930074 0.67032004607134360642 3.570430568e-11 3.564361e-09 

0.5 0.60653065971263342360 0.60653065977622359703 6.359017343e-11 4.188832e-09 

0.6 0.54881163609402643263 0.54881163619407744289 1.0005101026e-10 4.776991e-09 

0.7 0.49658530379140951470 0.49658530394392471553 1.5251520083e-10 4.821770e-09 

0.8 0.44932896411722159143 0.44932896432262865705 2.0540706562e-10 5.805406e-09 

0.9 0.40656965974059911188 0.40656966000683483830 2.6623572642e-10 6.272491e-09 

1.0 0.36787944117144232160 0.36787944151228504750 3.408427259e-10 6.749911e-09 

 

Table III Comparison of results and errors for Problem 3 [13] 

𝒙 𝚼𝒆𝒙𝒂𝒄𝒕 TOBS ETOBS Adeniran & Eda.[13] 

0.1 0.95122942450071400909 0.95122942450071402137 1.228e-17 3.5092e-13 

0.2 0.90483741803595957316 0.90483741803595483319 4.73997e-15 1.0314e-11 

0.3 0.86070797642505780723 0.86070797642510641061 4.860338e-14 1.9954e-11 

0.4 0.81873075307798185867 0.81873075307802748248 4.562381e-14 2.7903e-11 

0.5 0.77880078307140486825 0.77880078307168119917 2.7633092e-13 3.4194e-11 

0.6 0.74081822068171786607 0.74081822068037219837 1.34566770e-12 3.9041e-11 

0.7 0.70468808971871343435 0.70468808971745171328 1.26172107e-12 4.2656e-11 

0.8 0.67032004603563930074 0.67032004602731776797 8.32153277e-12 4.5229e-11 

0.9 0.63762815162177329314 0.63762815170930924637 8.7535953e-11 4.6927e-11 

1.0 0.60653065971263342360 0.60653065978774870024 7.51152766e-11 4.7892e-11 

 

 
Fig. 1. Curves of Table I 

 

 

 

 

 

 

 
Fig. 2. Curves of Table II 
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Fig. 3. Curves of Table III 

 

V. DISCUSSION 

 Table I compared the exact solution, computed solution and 

errors of the new method and Kamarun et al, [11] when 

Problem 1 is solved. The efficiency of the new scheme over 

EIK is also shown in Fig. 1. Tables II and III, as well as Fig. 

2 and Fig. 3, reveal the exact and computed solutions of the 

newly developed method, TOBS, for the solution of Problems 

2 and 3. The new method performs better than method 

proposed by Kamarun et al, [11], and Adegboro & Akingbulu 

[12] in terms of accuracy. Similarly, the numerical results in 

Table III show that the new block method (TOBS) is a very 

effective and efficient scheme for solving initial value 

problems of fourth-order.   

 

CONCLUSIONS  

The This paper formulates and implements Obreckoff’s type 

optimized hybrid scheme for solving second-order ordinary 

differential equation via interpolation and collocation 

methods. This method used the approximated power series as 

the basis function with its second derivatives as collocating 

equation. The analyses of the method were shown to be 

consistent, convergent and zero stable. The new scheme has 

proven to be an effective and efficient solution to second-

order ODEs based on the numerical results shown in Tables 

I, II and III and in Figures 1 - 3. 
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