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1. Introduction 

Linear regression is one of the most common and practical 

statistical models in statistics. For the assumptions in 

traditional statistical models, the most important hypothesis 

may be the certainty of the distribution, that is, each relevant 

variable has a certain probability distribution. However, in 

practical problems, the certainty of distribution is not 

completely guaranteed. For example, in the financial field, for 

the risk measurement problems, there are often situations 

where the distribution is uncertain. If there is a situation where 

the distribution is uncertain, then the expectation of the 

relevant variable is usually non-linear [5]. 

It is well known that in the real capital market, due to the 

incomplete information and rapid information update, the 

impact factors in the traditional statistical models cannot fully 

explain the response factors. Some of the impact factors are 

placed into the residual term for which are unobservable, 

unpredictable, or artificially neglected, resulting in the 

expected performance of the residual as a non-linear 

expectation. In order to the ease of processing, the residuals 

are still processed as constant expectation and fixed variance 

just like in the traditional statistical model, which will 

undoubtedly reduce the accuracy of the model. 

According to the current situation of Chinese stock 

market, many scholars have studied the empirical effects of 

the Fama-French three-factor model in Chinese stock market. 

However, the results of the studies are not the same. Eun and 

Huang (2007)[2] confirmed that there are significant scale and 

book-to-market ratio effects in Chinese stock market. 

However, Chen etal.(2010)[1] found that the book-to-market 

ratio can effectively explain the change in crosssectional stock 

returns, but the scale effect does not. 

Considering the current research situations, the authors 

believe that the difference in the empirical results of the 

three-factor model may be due to the assumption that the 

model itself is inconsistent with the complex economic status. 

In detail, the authors believe that there are other factors which 

can affect the pricing results of assets. Because other factors 

are unmeasurable or unknown, they are hidden in the noises. 

In addition, in order to facilitate the model processing, the 

error term is simply treated as a general assumption that the 

expectation is zero and the variance is determined. 

Therefore, based on the uncertainty of the distributions of 

error terms, this paper considers the improvement of the 

specific linear regression model—Fama-French three-factor 

model under the condition of uncertain distribution. Under the 

k-sample hypothesis, this paper uses upper expectation 

regression method and weighted expectation regression 

method to deal with the uncertain distribution, and gets its 

optimal solution thorough genetic algorithm. Furthermore, 

this paper gives the identification and asymptotic normality 

properties. 

An outline of this paper is as follows. In section 2 we 

show the necessary preliminary knowledge. In section 3 an 

improved Fama-French three-factor model based on the upper 

expectation regression method is given. In section 4 an 

improved Fama-French three-factor model based on the 

weighted expectation regression method is given. In section 5 

an empirical example is given to show that the advantage of 

the new models. 
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2. Preliminaries 

2.1 The Fama-French three-factor model 

Sharp et al. (1964) [10] proposed the Capital Asset Pricing 

Model based on Markowitz’s (1952) [6] portfolio theory, 

which laid the foundation of modern financial theory. Later, 

Ross(1976) [3] proposed the Arbitrage Pricing Theory (APT). 

Fama and French (1993) [9] introduceda kind of empirical 

factor research method in asset pricing research, and the 

specific research method is to build a simulation investment 

portfolio by sorting some characteristics of the company to 

obtain empirical factors, which is the Fama-French 

three-factor model:

   

The contribution of the three-factor model is that the stock 

market value factor and the book-market value ratio can 

explain the price change and market return rate of most stocks 

well, and can replace other factors such as price-earnings risk 

factors. 

2.2 Nonlinear expectation 

Early researches of nonlinear expectations can be traced back 

to Huber's (1981)[8] study of the robustness of statistical 

models. However, in recent decades, scholars from various 

countries have made great progress in the study of theories 

and methods of nonlinear expectations. In some areas, such as 

financial risk measurement and economic direction, great 

achievements have been made. Peng (1997)[9] introduced 

g-expectation based on backward stochastic differential 

equations, and then extended G expectation in 2006, which 

are the representative research achievement. 

It can be found that the research of nonlinear expectation 

theory in the direction of probability theory has developed 

rapidly, but few people have studied the related statistical 

models and their corresponding statistical inferences. The 

latest research on statistical models and statistical inferences 

about nonlinear expectations is only the k-sample expectation 

regression method which is proposed by LuLin et al. 

(2016)[1], in which the authors give the nonlinear expectation 

sup ( )E
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3. The Improved Fama-French three-factor model 

based on upper expectation 

In this section, we present an improved Fama-French 

three-factor model based on the upper expectation regression 

method. 

3.1 Model 

The basic Fama-French three-factor model: 

 

Unlike traditional linear model assumptions, the author believes that some unmeasured and unknown factors are placed in the 

residual term, so the distribution is uncertain. Then, drawing on the ideas of Lu Lin et al. (2016), the distribution comes from such 

a collection: 

  1
= , ,

k
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Among them, 
1
, ,

k
F F are different distribution equations, meaning that in different situations,  is of different 

distributions, and this distribution comes from the collection. 

Based on the definition of the k sample, we get the following model: 

As a special linear regression model, the improved version of the three-factor model processes the information data contained in 

the residuals, so it conforms to all the basic assumptions of the linear model. 
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This completes the proof of Theorem 3.1. 

Theorem 3.1 guarantees the certainty of the regression parameters of the new model and the certainty of the regression 

equation. 

3.2 Estimation and Prediction 

In this section, the paper presents the algorithm and properties for estimating the improved Fama-French three-factor model. 

The improved Fama-French three-factor model can be expressed by vector： 
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Theorem 3.2 guarantees the asymptotic normality and consistency of estimator se . 

Remark3.4. The proof of the asymptotic normality and consistency of the method is similar to the proof of the asymptotic 

normality and consistency of weighted expectation regression method in Theorem 4.1, so they are omitted here.  

 

4. The Improved Fama-French three-factor model based on 

weighted expectation regression method 

In practice, the improved Fama-French three-factor model based on the upper expectation regression method behaves bad. 

The reason is that when using the upper expectation regression method in Chinese stock market, the method chooses the biggest 

error of the sample not the most representative ones. So the author develops a weighted expectation regression method. 

In the following, the author presents the weighted expectation regression method. 

Just like the improved Fama-French three-factor model based on the upper expectation regression method, the author 

believes that some unmeasured and unknown factors are placed in the residual term, so the distribution is uncertain. The 

distribution of the residual term comes from such a collection: 
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in the residuals, so it conforms to all the basic assumptions of the linear model. 

In which, the parameter space of  , , and s h 
 is respectively andB  U . We can get the Optimal solution of the last 

equation via genetic algorithm. 

 

Proof. Under the condition C1, we have 
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It is known that 
i j
 is independent with 

n
 and s

h

 
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 
 
 

, then we can get that it is the same  minimizing 
i

M  and 

minimizing the following equation: 

 

According to the central limit theorem, the last function is with the following nature: 
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Because the calculation process is too complicated, the genetic algorithm is used to obtain the parameter estimation value through 

python. Few paper focus on the application of the model in the Chinese Second-board Market, so the author uses stock data from 

February 2011 to November 2018 of the Chinese Second-board Market, and the empirical results are as follows: 

 

Table 1: 300082.XSHE 

Method TSS   s  h    

LS 0.4076 0.9260 -0.1625 0.8408 - 

Upper 0.4080 0.9960 0.1251 0.6208 0.0144 

Weighted 0.3811 0.9409 -0.1074 0.9967 0.0186 

 

Table 2: 300107.XSHE 

Method TSS   s  h    

LS 1.0462 1.0056 -0.2408 0.9033 - 

Upper 1.7820 0. 2501 -0.4999 1.49e-03 -2.22e-04 

Weighted 1.0221 0.8748 -0.1035 0.8711 0.0302 

 

Table 3: 300127.XSHE 

Method TSS   s  h    

LS 1.004 1.0830 -0.0403 0.5450 - 

Upper 1.0466 1.2385 0.0489 0.6203 0.0379 

Weighted 0.9805 1.1232 -0.0729 0.8594 0.0184 

 

Observing the performance of the above three tables, we have 

a lot of discoveries. Firstly, we find that the TSS of the 

weighted model is smaller than the LS’s and the Upper’s，

which means the weighted model is better than the others. The 

reason is that the weighted model deal with the information in 

error, which makes the model more accurate. Secondly, the 

positive and negative signs of the estimators , ,s h  of the 

Weighted model are the same as the LS’s, meaning the SMB, 

HML and Market factors have the same nature to stock return 

like enhancement or attenuation. Moreover, the value of the 
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  in Weighted model is smaller than it in the Upper model, 

because the first one considers all the information of the 

k-sample, while the second considers only the maximum 

expected information of the k-sample. It means that the Upper 

model isn’t fit the stock market, and it may be useful in 

financial risk control field. 
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